INTRODUCTION
Osterhout and Stanley t have recently described some interesting experiments on diffusion between two aqueous phases separated by a non-aqueous phase. These experiments were modeled after living cells and duplicated the power of some cells to concentrate preferentially certain chemical substances. Furthermore, the volume increase shown by one of the aqueous phases in the model is somewhat analogous to the growth of living cells. In a model in which water and a salt are the only substances whose diffusion need be considered Osterhout* has shown that the results are in qualitative accord with the kinetics which characterize two consecutive monomolecular reactions. It seems to the author, however, that the mechanism more nearly corresponds to that of two simultaneous and mutually dependent processes. Consequently it is the purpose of this paper to formulate and solve the simultaneous differential equations which probably describe the model. These equations will be derived starting with the simple but fundamental laws which describe diffusion processes in general.
Jacobs 3 has recently formulated the simultaneous differential equations which describe the relation between cell volume and penetration of a solute. These equations, though similar to the ones which are derived in this paper, are somewhat more difficult to solve and the desired time curves are not obtained by direct integration.
II

Description of the Experiment
Osterhout ~ has given a detailed description of the experiment which is to be treated theoretically in this paper. He has also included an excellent discussion of the physical processes which are involved and the justification for certain assumptions which it will be necessary to make in the development of the theory. Therefore only a brief discussion of the experiment will be given in the following paragraphs.
The aqueous layer A ( Fig. 1) consists of water saturated with a weak acid, HG, and contains the potassium salt of this acid, KG, at a concentration of 0.05 normal. The solution in A is continuously replaced during the experiment so as to maintain a constant concentration of KG in this region. The non-aqueous layer B consists of the weak acid HG which is but slightly miscible with water and which is initially saturated with the latter. This phase separates A from a second aqueous layer C which is saturated with HG and through which CO2 is continuously bubbled at atmospheric pressure. All three phases are stirred so that the diffusion which occurs takes place in the layers at the phase boundaries a and b which are not affected by the stirring. As Osterhout has pointed out the high viscosity of the nonaqueous medium makes it probable that the unstirred layers are much thicker in this phase than in the outer aqueous layers. It will therefore be assumed that the only gradients of composition which occur are in the layers aa p and bb' (Fig. 1) . The mobilities of the diffusing constituents are much lower in the non-aqueous phase* than in the aqueous phases, an additional fact which makes it probable that the constants for the diffusion processes are determined largely by the characteristics of phase B.
40sterhout, W. J. V., Kamerling, S. E., and Stanley, W. M., Y. Gen. Physiol., 1933-34, 17 , in press, (Kinetics. VI).
The two substances whose simultaneous diffusion through B is significant are KG and H~O. The force which causes the diffusion of KG, for example, from A to C is the gradient of chemical potential for this substance whichexists between A and C due to the difference in the concentration of this substance in the two layers. The chemical potential p~, of any given molecular species i may be defined by means of the equations 5 #~ = Iz~o + RT In a~ (2.1)
In these equations /z~ ° is the chemical potential in some arbitrarily chosen standard state, R the gas constant, T the absolute temperature, a~ the activity, ~ the activity coefficient, and N~ the concentration of the i-th constituent. The concentration scale best adapted for the treatment of the present problem will be considered in the following section. The KG diffuses from A in which the concentration, and hence the chemical potential, of this substance is maintained at a constant value, through B into C where its concentration is initially zero and where the following reaction occurs. The mass action expression for this reaction is
Since the partial pressure of CO2 is constant and since the activity of HG in C is maintained at a substantially constant value by contact with the non-aqueous phase in which HG predominates, equation (2.4) may be simplified to aKHCO s ~ K • aKG K in this expression being a constant. Lewis, G. N., and Randall, M., Thermodynamics, New York, McGraw-Hill Book Co., Inc., 1923, 254 . See also Gibbs, J. W., Collected works, Longmans, Green and Co., New York, 1928, 1, 92. If the salt activities in this expression are replaced by the products of the ion constituent activities according to the convention of Lewis and Randall (p. 326 of Footnote 5)
Since the activity coefficients which may be inserted into equation (2.5) in order to convert the activities to concentrations always occur as a ratio, it follows from the principle of the ionic strength that a very close approximation to (2.5) will be obtained by placing
Since H~CO~ is a much stronger acid than HG the constant of equation (2.6) has a value much greater than unity and most of the KG which diffuses into C is converted into KHCOs. The back diffusion of KHCO3 from C to A may be neglected due to the very slight solubility of this substance in the non-aqueous phase. COs appears to be able to diffuse from C to A. This does not occur to any appreciable extent in the model, however, and may therefore be neglected. It is possible that some CO~ does diffuse across the phase boundary b but if the reaction represented by equation (2.3) occurs in phase B the KHCO~ thus formed would be immediately extracted by the aqueous layer C, thus compensating for the diffusion of CO2.
Whereas the chemical potential gradient causing the diffusion of KG from A to C will depend upon the value of NK~ in C the potential or osmotic pressure of the water in this phase will depend upon the totM concentration of solute in C. Since the chief solute in C is KHC0~ the diffusion of KG from A to C with subsequent conversion into KHC0~ will eventually lower the activity of the water in C to a value below that in A. The effect of this upon the diffusion of water will now be considered.
At the beginning of the experiment, when the concentration of solute in C is lower than in A, water will diffuse from C into A. This initial movement of H20 from C to A will continue until the diffusion of KG in the reverse direction, followed by its conversion into KHCO8 in (7, builds up the solute concentration in this phase to such a value that the activities of the water in A and C are equal. The activity of KG in C, however, which corresponds to this concentration of KI-ICO3 is still much lower than the activity of KG in A so that KG continues to enter C and be converted into KHCOs. This lowers the activity of H~O in C below its value in A and the water consequently reverses its direction of flow and henceforth moves from A to C. The time at which this reversal occurs corresponds to a minimum in the water content of the phase C and is treated further in Section IX. The simultaneous movement of KG and H~O from A to C then continues indefinitely and approaches a condition in which KG and H20 enter C in essentially the same ratio as that of KHCO8 and H20 already present, so that on conversion of the entering KG into KHCO3 the concentration of this latter substance in C remains unaltered. This condition is called the steady state and is an important feature of the experiment.
Since it is impossible to fix rigidly the phase B in the model, the hydrodynamic pressure developed by the increase in the volume of C is exactly compensated by a shift in the position of the intermediate phase and must consequently be neglected in the present theory.
IIX
The Concentration Scale
As will be shown later, it is necessary to consider the partition of the diffusing constituents between the various phases and since one of these, water, is that which, in the outer aqueous layers, would normally be termed the solvent a concentration scale must be selected which is symmetrical with respect to all constituents. The mole fraction satisfies this requirement and will therefore be adopted. As indicated in equation (2.2) N~ represents the mole fraction of the i-th constituent while the actual number of moles of i present in any given region will be denoted by n~. The mole fraction is defined by the expression 
c~ ~ noVo --V--o
in which V0 is the molal volume of the "solvent."
Iv
The Diffusion Equation
In the derivation of the equations which describe molecular diffusion processes it is customary to assume that the velocitY of migration, % of the i-th constituent is proportional to the chemical potential d#~, gradient, -~x of that substance e d/~ (4.1)
u, being the factor of proportionality or mobility. The derivatives of /~ with respect to the other space coordinates may be neglected if diffusion takes place in one direction only as in the present experiment. Equation (4.1) may be multiplied by N~ and rearranged to Onsager, L., and Fuoss, R. M., J. Phys. Chem., 1932, 36, 2689 (see page 2759).
Since this equation is to be applied only to the substances diffusing through B and since these are present in this phase at relatively low volume concentrations the approximation represented by equation ( S" d In ~{, race dl--~ is generally a function of N, it is evident that the diffusion coefficient will also vary with the concentration. However, it has already been assumed that diffusion occurs only in the non-aqueous phase, in which, due to the low ionizing power of the solvent, electrolytes behave more nearly as perfect solutes than in an aqueous phase. For a perfect solute the differential coefficient in equation (4.4) is zero and in the present instance may at least be assumed constant.
Moreover, it simplifies the mathematical treatment if the very probable assumption is made that at any given time the thickness of the combined diffusion layers (aa' and bb' of Fig. 1 ) has a value sufficiently small to warrant the consideration of the concentration gra-AN~ dient as constant and equal to ~x" Since the value of Ax is nearly independent of the time, equation (4. Equation (4.5) is the general differential equation which will be adapted to the experiment considered in this paper. Before this adaptation can be made, however, the mechanism of the transfer of material across the phase boundaries must be considered. If, as is usually assumed, equilibrium for a given constituent is attained practically instantaneously at a phase boundary, it is correct to say that the chemical potential for that substance is equal in the two phases at the boundary and hence has no discontinuity at that place.
According to equation (4.1) the velocity of a constituent is proportional to the gradient of chemical potential, the latter being continuous at a phase boundary as indicated above, but the flux of a constituent is determined not only by its velocity but by the product of this into the concentration which is usually discontinuous at a phase boundary. It thus appears that the driving force which causes diffusion across the non-aqueous layer will be determined largely by the composition of the two aqueous phases, whereas the flux of material will depend in part upon the concentration of the diffusing substances in the non-aqueous layer. Thus, other conditions being the same, a given difference of composition between A and C will cause a greater flux of some constituent through B the more soluble that constituent is in the non-aqueous layer. As Osterhout * has emphasized, partition coefficients will therefore play an important r61e in the present theory and may be defined for the phase boundaries a and b by the relations In these expressions the superscript denotes the region to which the concentration or partition coefficient refers. Thus N~ B~ is the concentration of the i-th constituent in phase B at the plane a. These are stoichiometric partition coefficients and are functions of the concentration in general.
Since the aqueous layer A is continuously replaced, N~o, N~,o and the corresponding partition coefficients, S~a and S~,o, are constants, the values of the latter being 1.74 and 0.4177 respectively. At the phase boundary b, however, the concentrations, and hence the partition coefficients, vary with the time and this variation on the part of the partition coefficients must now be discussed in some detail.
In the absence of data on the effect of salts upon the distribution of the non-electrolyte, water, the coefficient S~,o may be considered constant--and equal to 0.417, the value obtained from the mutual solubility of the two liquids, HG and H20, in the absence of salts--if the effect of the salt ionization upon the activity of water in the aqueous phase is considered. This may be done by introducing the osmotic coefficient, i, into the expressions for N~ and NC~, as follows:
The osmotic coefficient is also a function of the concentration but no serious error will be made if an average but constant value is assigned to it for the particular experiment under consideration. Thus a value of 1.9 may be assigned to i A, corresponding to the constant value of N~a = 0.00090, and i c "~ 1.7 which corresponds to the average value c NKHCO, = 0.006 (see Table I ). The values of N~a (= NC~) and NCo, are 0.00271 and 0.00062, s respectively. Osterhout, Kamerling, and Stanley* have found that the distribution of KG between HG and H~O is quite sensitive to the concentration when this is low but becomes nearly independent of the latter as saturation is approached. The exact functional relationship has not been established, however, and in the present theory a constant value of 1.85 will be assigned to S~:c. The use of a constant value for S~G in this manner is clearly unsatisfactory and probably represents a rather poor approximation, but the mathematical complexity which results from the assumption of even a linear variation of the partition coefficient with concentration is rather serious. Moreover the common ion effect of the potassium ion from the KHCO3 in C upon the partition of KG introduces an additional complication. The value which has been assigned to SbKa was obtained in the following manner.
According to the conventions of Lewis and Randall 5 the activity of KG in the phase C is given by the relation ~ = ,,~. ,,~_ = (,yc), N~. ~v~_ c in which "r± is the mean ion activity coefficient and will depend upon the total ionic strength of phase C. The distribution measurements of Osterhout, Kamerling, and Stanley were made with solutions of pure KG and in this case, and ,% __ (~c), (~%), (s.s) the bar over the symbol indicating that KG is the only salt present. In the experiment being considered in this paper, however, KHCO3 is also present in C at an average concentration of c NKaco, = 0.006, so that By means of equations (6.8) and (8.4) which follow, K may be eliminated to give 7 c, NCKHcO ' /0.0876 0.00768
The value of S~G corresponding to this value of NCo, as obtained from a plot of the partition measurements mentioned above, is the quantity desired. Since S~o must be known, however, before NcKa can be evaluated and since -c ~/± also depends upon Ncc, a series of approximac tions will be necessary. For A~aco,-0.006, ~± ,~ 0.59. 9 The computed value NCc is 0.00106, so that S~a = 1.85 and ~c ,~ 0.73 if the activity coefficients of KG are similar to those for KHCO8 and if the small amount of HG present in the aqueous phase C may be ignored. In the steady state NCKaco, = 0.012 and a similar calculation gives the value 2.5 for S~:a. The difference between 1.85 and 2.5 affords an estimate of the error which is involved in the assignment of a constant value to SbKC.
It has been necessary to develop the foregoing theory in order to utilize the results of ordinary partition measurements in obtaining the distribution equilibria in the presence of an added salt with a common ion. It should be apparent that the theory is also applicable when a salt with no ion in common is added to the aqueous phase. The effect upon the partition equilibria is then contained entirely in the activity coefficient ratio of equation (5.7). However, it should be emphasized that the added salt cannot be appreciably soluble in the non-aqueous phase if the foregoing equations are to be applicable.
VI
Specialization of the Diffusion Equation
The flux of the two diffusing substances through the plane b, Fig. 1 , will now be considered. The flux of KG through this plane is, according to equation (4.5), 
\ at /b at
Elimination of Nco between equations (6.1) and (2.6) gives dnCKHC(h ADKG(s S~GNC ,) (6.2) at
Vr~oA x ~:a N~G ---g--KRCO
Similarly the rate of appearance of water in C is dnC~o ADH~ 0
Since the partition coefficients are to be considered constant, reference to equations (3.2), (5.3), and (5.4) shows that the number of dependent variables in equations (6.2) and (6.3) may be reduced to two as follows:
The notation may be simplified by placing 
Solution of the Differential Equations
Elimination of nl/no between equations (6.10) and (6.11) gives the expression
ao dt which may be immediately integrated to give
n~ +no _--(ill --fl0)t-t----l°
0~1
~0
"VO (7.1)
I0 .
--ts a constant of integration, I0 being merely the number of moles of ~o water initially present in phase C since the value of nl is zero at this time. In equation (7.8) Briggsian logarithms have been substituted throughout for the natural logarithms and it is in this form that computations can be made most conveniently. This equation cannot be solved explicitly for v, and hence for n0, but it is already explicit in f and therefore may be readily employed for a calculation of the time curves as follows: From equations (7.2) and (7.4),
and a value of v may be computed which corresponds to a given concentration, NI. This value of v is substituted in equation (7.8) and the corresponding value of f computed. This value of f, together with the value of v which was taken, is then substituted in equation (7.4) and n0 computed, etc. Before these computations can actually be made, however, values must be assigned to the necessary constants. The constant Io, as shown above, is the number of moles of water initially present in phase C and has the value 3.321. A value of 0.00064 for/~0 may be computed from equation (6.9) since all of the terms on the left hand side of this expression are known. After values have been assigned to the other necessary constants the integration constant/i may be evaluated by means of equation (7.8) .4)). The value of I1 which was used in the computations for the time curves is -2.202297. The constants =0, at, and fll involve the characteristic but unknown quantities DI~a, DH~o, Ax, and K, and must therefore be evaluated from the experimental data. A method of evaluating these constants will be outlined in the next section.
VIII
Evaluation of the Characteristic Constants
The data recorded by Osterhout were the volumes, V, in milliliters, of the aqueous phase C and the total salt normality in this phase for different values of the time, t, in hours. These data are recorded in the first three columns of Table I This method of plotting the data (Fig. 2 ) magnifies small experimental errors in the initial stages of the experiment when no differs but little from 3.321 and it is therefore not surprising that the first two points in Fig. 2 points yield a satisfactory straight line although such a line is not drawn in the figure. Since this plot is to be used for the evaluation of two of the constants which occur in the theory the final time curves for the entrance of salt and water can best be represented if all points in Fig. 2 are given equal weight. When this is done the straight line which best represents the data, as determined by the method of least A third relation between the three constants is necessary and may be obtained from the limiting slope of the n04 curve as the steady state is approached. The straight line of Fig. 3 appeared to have the correct slope, the value being FIo. 2. A rectilinear plot of certain functions of the experimental data. From the slope and intercept of this line two of the three empirical constants which occur in the theory may be evaluated.
With these values of the constants the time curves may be computed by the method which has been outlined. The results of these computations are given in Table II 
IX
Comparison of Theory with Experiment
The computed time curve for the entrance of water is in fair agreement with the experimental data which are plotted as circles in Fig.  3 . Thus the theory predicts the minimum in this curve after the experiment has been in progress for a few hours.
It will be recalled that this minimum occurs at the time that the water reverses its initial direction of flow and begins to move from A to C (Fig. 1) . At this time
The values of n0 and t corresponding to this value for nl --are 3.319 and Substitution of numerical values for ao, etc., leads to a value for N~, of 0.0121 which is but slightly greater than the final values (0.0116) which were observed during the latter stages of the experiment.
Through a combination of equations (9.2), (7.9), and (7.8) it may be shown that the steady state concentration is attained only after infinite time, but a comparison of the curve of Fig. 4 with this limiting asymptote which is drawn as a straight horizontal line indicates that the concentration has reached a value only 5 per cent less than the limiting value after about 200 hours. X CONCLUSION Some of the physical quantities which appear in the expressions for a0, ~1, and B1 (equations (6.6), (6.7), and (6.8)) are capable of independent measurement and in conclusion a discussion of these constants will be given. Thus a value for K may be evaluated from certain properties of HG and H2COs, namely, the solubilities of these weak acids in water and their ionization constants.
In equation (2.5) both numerator and denominator may be multiplied by all+ to give It is impossible to make an accurate estimation of K by means of equation (10.2) due to the fact that the weak acid represented by the symbol HG was, in the experiment of Osterhout and Stanley, a mixture of two weak acids, guaiacol (70 per cent) and p-cresol (30 per cent), t2 and also to the fact that the ionization constants for these substances 11 Maclnnes, D. A., and Belcher, D., J. Am. Chem. Sot., 1933 , 65, 2630 i~ In all computations involving this material, such as conversion of volume concentrations to mole fractions, etc., a molar weight, density, and molal volume of 119, 1.11, and 107, respectively, have been employed. These values are the means of the values for the pure substances, account being taken of their proportion by weight. which are to be found in the literature are very discordant. Thus a hydrolysis method Is gives K(~aiacol) ffi 1.17 X I0 -~ K(p-cresol) ffi 6.7 X 10 -u whereas a conductance method t4 gives K(p-cresol) = 1.1 X 10 -s If guaiacol and p-cresol are assumed to have essentially the same ionization constants, as the results of hydrolysis measurements would indicate, K in equation (10.2) has the value 9 × 10 ~ if 1.1 × 10 -1° is assumed for KHG and the value 9 if KHG = 1.1 X 10 -s. The value of 21 which may be computed from equation (6.8) and which, best fits the diffusion data is intermediate between the two independently computed values. The results of this computation are inconclusive except in so far as the independent estimate of K indicates that most of the KG which enters C is converted into KHCOs.
From equations (6.6) and (6.7) it is evident that
The ratio of the two diffusion coefficients is DH~o/DKG ~-4.8, a value which indicates that H20 diffuses through the non-aqueous layer much more rapidly than KG. This ratio is somewhat higher than would be expected from a consideration of molecular size and may be due to the fact that the concentration of water in the non-aqueous phase is so high that certain assumptions which were made in the derivation of the diffusion equations are partially invalidated.
Osterhout of KG in H~O is about twelve times as rapid as in HG. The value of DKG for diffusion in water is not known but it will certainly be of the same order of magnitude as the diffusion coefficient for a potassium salt with a large organic anion such as potassium acetate, namely, 1 X 10 -5 c--m.2/second. Thus D~, a for diffusion in HG is of the order 1 X 10 -~ ~.2/second or 3.6 X 10 -3 c-m2/hour. The mean area of the two phase boundaries a and b (Fig. 1) was about 95 c-m.d. Consequently ADKG 95 )< 3.6 X 10 -3 0.37 VHG 0.37 X 107 --0.01 cm.
From direct microscopic observation Davis and CrandalP 5 have estimated that the thickness of the unstirred water layer at a gaswater interface is about 0.04 cm. While the two values are by no means comparable it appears that the value for &x which has just been computed is a physically possible one. It is worthy of note that this value is sufficiently low to justify the assumption of a linear concentration gradient in the unstirred layers which was made.
The theory which has been developed in this paper is subject to many obvious refinements and it may be necessary to amend certain aspects of the physical interpretation of the experiment. Thus there are many le who consider reaction velocities in heterogeneous systems to be determined by a slow attainment of equilibria at the phase boundaries and not by the time element in the diffusion across unstirred layers. It is important to note, however, that either picture will lead to essentially the same differential equations as those developed in this paper though, of course, the physical interpretation of the constants will differ. XI SUMMA.Ry
The differential equations which describe the simultaneous diffusion of water and a salt in a cell model have been formulated and solved. The equations have been derived from the general laws which describe 15 Davis, H. S., and Crandall, G. S., J. Am. Chem. Soc., 1930, 59., 3757 . is See, for example, Roller, P. S., J. Phys. Chem., 1932 , 36, 1202 diffusion processes, thereby furnishing a physical interpretation for the constants which enter into the theory. The theoretical time curves for the two diffusing substances are in good agreement with the experimentally determined curves and accurately reproduce all of the essential characteristics of the experiment.
